Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



30. 



I llllllllllll 



600005721 L 




/ /^/fe/. 



ELEMENTARY ESSAY 



ON THE 



COMPUTATION OF LOGARITHMS; 



INTKIVDSD AS 



A BirFFZiaMairT 



TO THS 



USUAL BOOKS ON ALGEBRA. 



BY J. R. YOUNG. y€<^y 




LONDON: 

JOHN SOUTER, SCHOOL LIBRARY, 

73, ST. PAUL'S CHURCH YARD. 



v5 



1830, . 
361 , 



J. AND C. ADLARDi PRINTERS, BARTHOLOMEW CLOSE. 



PREFACE. 



Thi£» little tract is designed chiefly as a sequel to the 
chapter on Logarithms, in my own Treatise on Algebra, 
where, as is usual in books on that branch of analysis, 
the method of computing logarithms is but very 
briefly touched upon. 

To students desirous of obtaining more detailed 
information about the construction of these very im- 
portant numbers than such books supply, I am in 
hopes that the present Essay may prove acceptable, 
although I do not pretend to have condensed within 
the compass of these few pages all that might be 
worth knowing on this subject. I have proposed to 
myself merely to collect together and- briefly, but 
clearly, to explain some of the best formulas and pro- 
cesses which mathematicians have devised for facili- 
tating the construction of a table of logarithms. 
Some such explanation seems indeed wanting, on 
account of the very concise and inadequate directions 
generally given, in elementary books, on the subject 



IV. PREFACE. 

of computing logarithms; and I shall feel happy if 
the present little Essay tend in any degree to supply 
a deficiency in so interesting and important a depart- 
ment of mathematical inquiry. 

It may be proper to mention here, that, besides the 
books referred to in the following pages, I have also 
consulted, with advantage, Delambre^s preface to 
Borda^s Tables^ the tables of Callet, the Analyse 
Algebriqueoi Gamier y Hellins's Mathematical Essays, 
and Mr. Manning's ingenious paper in the Philo- 
sophical Transactions for 1806. There will, however, 
I think, be found, upon examination, several original 
remarks and improved processes, together with the 
correction of one or two errors of some consequence. 
The defect, pointed out at p, 60, in Lagrange's 
method of approximating to the greatest root of an 
algebraical equation has, I believe, been hitherto con- 
cealed, and thus an undue superiority has been attri- 
buted to this method over that of Newton. This 
defect is here removed, and a correct -process of 

approximation given. 

J. R. Y. 



November 1830. 



ON THE 

COMPUTATION OF LOGARITHMS. 



In our treatise on Algebra, we have pretty copiously 
explained the nature and use of logarithms, and by means 
of the fundamental series established at page 206, have 
shown how a table of these numbers might be commenced, 
and carried on to ady extent. We have not, however, 
thought proper to dwell at any length, in that place, 
upon the various artifices that may be advantageously 
adopted to abridge the labour of such a computation; 
our principal object having been to exhibit to the student, 
in a simple form, the principles upon which the construc- 
tion of logarithmic tables depend. We here propose to 
resume the subject, and to present a view of some of the 
best methods for facilitating the construction of a table. 

There are three distinct modes of computing logarithms : 
first, we may commence by determining the logarithm of 
2, and then derive the logarithm of 3, of 5, &c., each suc- 
ceeding logarithm being found by the help of those already 
computed ; or, secondly, we may commence at any number 
in the table, compute its logarithm, as also the logarithms 
of numbers at certain intervals from this, and then inter- 
polate the intermediate logarithms ; or, lastly, the several 
primes may be each computed by a direct process, inde- 
pendently of other logarithms. These three methods v^e 
shall now explain. 

B 
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CBAPTBlt Z. 

METHODS FOR COMPUTING THE LOGARITHMS OF 
THE PRIME NUMBERS IN SUCCESSION. 

(1.) We shall commence by establishing the funda- 
mental logarithmic series already adverted to. 

Let N be any given number, and a the base of any 
system of logarithms; then, in order to determine the 
logarithm of N, which logarithm we shall denote by a:, we 
have the equation a*= N. To effect this determination, 
substitute 1 + m for a, and 1 + w for N, and our equation 
will then appear under the form (1 +wi),= l -fn, from 
which we immediately deduce the equation (l-j.?w)*y-- 
(1 + w)y, whatever be the value of y. Hence, developing 
each member by the binomial theorem, we have 

^^ ^ 2 2*3 

or, expunging the 1 from each side, and dividing by y, 

*^ 2 2-3 ' 

2 2-3 

Now since this is true, whatever be the value of y, it is 
true when y = 0, in which case the equation becomes 
"a? (?« — J w* -|- i »*' — 4 »** -h <fecO =» — J w' -|- J «3 _ I ;i4 _^ ^c, 
whence 

;r = log. ( l+n) = ^"*^-l-^^'^'"'*^' + ^- 

that is, replacing m by its value a — 1, 

log. (1 + n) == n-i>i«-Hn»-jn*4-&c. 
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which is an expression for the logarithm of any number, 
1 + n, in terms of that number, and of the assumed base, a. 
The denominator of this expression is, we see, constant, 
that is, it remains the same for every value of the number 
1 -t- w, provided that the base, a, does not alter. It is the 
reciprocal of this denominator that we have agreed to 
call the modulus of the system* that is 

M= r ^ 

so that 

log. (1 +n)=M (n - t«« + i«» - 4 n* + <fec.) . . (1.) 
and this is the fundamental expression which we proposed 
to establish, and from which we shall derive the several 
formulas requisite to facilitate the actual construction of 
a table of logarithms. 

(2.) If, in this expression, we make n negative, it 

becomes changed into 

log. (l-n)=M(-« — i«*- Jw8-i«*-&c.) (2.) 

and if agftin, in each of these, we substitute - for w, there 

P 
results these two formulas, viz. 

log.^±l = M{l-.J: 4-i - J^4-<fec.| 
^ p ^p 2p* Sp9 ^* 

log. ?i:i = - M{J- 4.-i + -1 4.-1 4- &c.} 
^ p > ^ 2p^^ Sp^^ 4p* 

from which we immediately get 

log.(«+l)=log.|» + M{l-^, + 5i3-5i,.+ <fec.]...(3.) 

log.0»-l) = log./>-M{l + ^,4-3l+^^ + &c.]...(40 

two theorems which we shall presently find useful. 

If equation (2) be subtracted from (1), there will result 



In the Algebra, read M for JL throughout the article on logarithms. 

M 

b2 
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log. (1 + «) - log. (1 — «) =log. |-i^ = 2M (« + i «3 ^. J „6 

4-.Jn7 + &c.) (5,) 

in which, if r be substituted for ?i, we shall have 

2p-f-l 

and these substitutions transform equation (5) into 

log. (p -f 1) - log. P = 2M { g^^H- 3 (g^^^ ^)3 ^ g(2i.-Vl? 

+ Tli^TT)^ "^ ^''•^ • ' • • ^^^' 
from which we obtain this general expression for deter- 
mining the logarithm of any number, |>+ I, when we 
know the logarithm of the preceding number, |?, viz. 

log. (p 4- 1) ^ log.p -f 2M f^^ 4- 3 (g^'^ t)3 + ^ (g/^ ^)s 

The series (4) will accomplish the same object as this, 
but, as it is much less convergent, it is, in general, pro- 
povtioiikeaiy leas commodious, for we must Compute a much 
greater number of terms of the former series than of the 
latter, to obtain the logarithm sought to any given extent 
of decimals; but, in a few cases, to be presently noticed, 
the several terms of the former series are so much more 
easily computed than those of the latter, as to counter- 
balance the disadvantage arising from want of conver- 
gency . The series j ust deduced we have already employed 
( Treat, on Alg, p. 208^ for determining the logarithms of 
2 and 5 in the Napierian system, which is that in which the 
base a is so assumed as to render M equal to 1*, and, by 

* The method of detenniniiig the value of this base is giTsn in a 
note at the end. 
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means of these two logarithms, we have ascertained what 
value the modulus M should have in the common, or 
Briggs's, system, where a is assumed equal to 10: (see 
Treatise referred to above*) For the computation of the 
three first prime numbers^ 2, 3, and 5, this series, from 
its rapid convergency, is tolerably' well adapted; but for 
the higher primes it is much inferior to that which we are 
about to investigate; and, indeed, for the three leading 
primes already noticed, better series may be employed, 
as will be seen in the next article. 

(3.) We have seen, in last article, that, by adopting 
a very simple artifice, we have been enabled to convert 
divergent series, (1) and (5), into others, (3) and (7), of 
rapid convergency; this artifice consisted merely in 

changing n into -, in the one case, and into o~"XT' ^^ ^^ 

other. Now it is easy to conceive that by means of dif- 
ferent substitutions of this kind, we may arrive at series 
of various degrees of convergency ; and, as the computation 
of a logarithm generally becomes more easy as the series 
which we employ becomes more convergent, it is obvious 
that a happy substitution may be the means of consider- 
ably abridging the labour of computation. If, instead of 

1 2 

putting— -7^ forn, in (5), we had substituted -g — — 

we should have been conducted to a series of very commo- 
dious application, first given by M. Borda, and known 
by the name of Borda^s formula. Let us, then, deduce 
this formula, by substituting as directed. 
Since, in this case 

1 -w'" 2 ^jp8-3y~2 (p+iyip-^^ 
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the equation (5) becomes 
Slag. (;> — l)^-log.(/l^-2) -21og.(;> + l)~lag.(p— B)bb 

p9 — 2p p^ — 3j» JB^— 3p 

or, by transposition, 
log. (/>4-2)s=log. (;>— 2) H-21og. 0? + 1) -21og. (p—i)^ 

^{-^ + i('r^y+i('^y + ^') .... (9.) 

jp8 — 3p jps — ,^p pi — ^p 

Tliis Is Borda's formula, and, wben p is not very small, 
the series is obviously very eonver^nt. We may employ 
this formula with advantage after ike logari^mis of ^ 
three first primes, 2, 3, and 5, have been ^termined. — 
For the logarithm of 2 this expression is quite inapplicable ; 
for log. 3 it yields to the series (7), and for log. 5, that is, 
when |> = 3, it possesses no advantage over the series (7), 
but, in ikct, becomes identical with it, so that for these 
three numbers the. former series may be advantageously 
employed. But, as observed at the close of last article, 
the logarithms of the same numbers may be expressed by 
series still inore convergent, and these we shall now 
proceed to deduce. 

Substitute, in the equation (7), q^tor />-f"I, and it 
becomes 

log.g» = fllog.y = log.(9«-l)+2M{^ + ^^^^^_^^^ ,^ 

, } r»-f Ac.} 

5(2^— 1) ^ * 

or representing, for brevity, the series which multiplies 
2M by S, and recollecting that ^^ "" 1 = (^ -f 1) (^ — 1), 
we have, by transposing, 

log' (y-h 1) =21og. 7— log. (y— 1) — SMS. 
Let us now suppose ^ to be 4, 5, 9, successively, and let 
S', S", S'", represent the corresponding values of S, we 
shall thus have these three equations, viz. 

log. 5 ss 2 log. 4 — log. 3 -- SMS' 
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log. 6 = 2 log. 5 — log. 4 — 2MS'' 
log. 10 = 2 log. 9 — log. 8 — 2MS'" 

or, substituting 4 log. 2 for 2 log. 4, log. 3 + log. 2 for log. 
6, 2 log. 2 for log. 4, log. 5 + log. 2 for log. 10, 4 log. 3 
for 2 log. 9, and 3 log. 2 for log. 8, we have, after trans- 
posing 

log. 5 — 4 log. 2 -f log. 3 = — 2M8' 
log. 8 + 8 log. 2 — 2 log. 5 =s — 2MS" 
log. 6 4- 4 log. 2 — 4 log. 3 =s . 2MS'" 

From these three equations, the values of the three 
unknown quantities, log. 2, log. 3, and log. 5, may be 
readily deduced, (see Alg. p. 68^; they will be found to 
be as follows: 

log.2 = 2M( 7S'H- 5S"-f3S'") 
log. 3 = 2M(11 S'-f SS'^-f-fiS"') 
log. 5 s= 2M (16 S' + 12 S" -f T S'") 

and, substituting the values of the series S', S", S'", these 
equations become 

i5/_Lj \ 1 \ 1 \ — +<fec.) 

I .3/JL J \ — J \ 1 \ — +d5C.) 

^ ^161 ^ 3 • 16P ^ 6 • 161* ^ 7 • 161' ^ 

log.3==2M{ll(-l+y:^3 + y:^, + ^ 

4. g /J-. J \ L \ 1 \ -f <fec.) 

^ ^ 49 ^ 3 • 493 ^ 5 • 49* ^ 7 • 40» ^ 

4.5^J J L_ J \ — J L_-f«fec.)} 

^ Mai ^ 3 • 1013 ^ 6 • 161» ^ 7 • 1617 ^* 

log. o — ^iYi lAo ^^ g^ -r 3 . 313 ^ 5 • 31» ^ 7 • 317. ^ 

J. 12 C J- H ?^ 1 ^ 1 ? — + Ac.) 

^ ^ 49 ^ 3 • 493 ^ 5 • 49« ^ 7 • 49' ^ 

4. 7 C-L J \ U — L_ J — -t- <fec.)} 

^ ^161 ^3-1613^^-l61«^7-16P ^* 

For the calculation of the single logarithm log. 2, the 
preceding series does not possess any great advantage, in 
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point of practical facility, over the series (7) ; their supe- 
riority consists in the readiness with which they furnish 
the logarithms of the two succeeding primes, 3 and 5, after 
the logarithm of 2 has been deduced, on account of the 
same series recurring in each expression. 

Supposing M = l, and adding together the Napierian 
logarithms of 2 and 5, as determined from these expres- 
sions, we have, for the Napierian logarithm of 10,* 

log.' 10 = 2 « 302585092994045684, 

and therefore 

M = r-TT:;= -434294481903251827 
log.' 10 

hence, multiplying log.' 2, log.' 3, and log.' 5, each by 

this number^ we have 

log. 2 = -30102999566398 
log. 3 = '47712125471966 
log. 5 = -69897000433602 

(4.) As it is necessary to know, at least, the logarithms 
of 2 and of 5, before Borda's theorem can be applied with 
advantage, we shall here make known a very neat and 
expeditious method of determining the logarithm of 5, 
when that of 2 has been computed by the series (7), or by 
any other independent process.f The method here men- 
tioned is this: 

Since 2»^ == 1024= 1000 (1 + ^), therefore, taking the 
logarithm 

10 log. 2 = 3 log. 10 + log. (1 -fiiBo) ; 
hence, substituting ^ for w, in the series (1), we have, 
after transposing, 

3log.'l0=101og.'2-^ + i(^)«-KT«c)'+<fec. 



* In order to distingoigh Napier's logarithms from Briggs's, the 
former are here written with an accent. 

t A direct method of calcolating this logarithm will be found in the 
third chapter. 
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The calculation of this series is as follows : 

1000(24(' 024 — 
2 

48 
12 

2 • 1000a)676(' 000288 + 
2 

1152 
12 



3 • 10003)13824(- 000004608 
2 

27648 
12 



4 • 1000*)331776(« 000000082944 + 
2 

663452 
12 



6 • 1000«)7962624(- 00000000159252 

2 



15925248 
12 



6 • 1000«)191102076(* 00000000003185 + 

2 



382205952 
12 



7 • 1000'')4586471424(* 00000000000065 — 

Hence, collecting the negative and positive terms sepa- 
rately, we have 

— 02400460959317 == sum of negative terms. 
-\- 00028808207585 ss siiin of positive terms. 

— 02371652661732 = sum of the aeries. 
6 • 93147180559945 sss 10 log/ 2. 

8)6 • 90775527898213 = 3 log.' 10. 

2 • 30258509299404 = log.' 10. 
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. We have thus got the Napierian logarithm of 10 true to 
fourteen places of decimals ; the difference between log/ 1 
and log/ 2, previously found, will give log/ 5, and the 
modulus being now determined, we may employ the series 
(4) for computing log. 3. For, putting 10 for p, this 
series gives 

log. = 2 log. 3 = log. 10 — M {— + -^ — h-^H i--+<fec.} 

^ 6 6 ^10^200^3000^40000 ' 

whence 

log. 3 = * — i M [— 4- ^ — h — 1 — + <fec.} 

*"8-*» I I ^10^200^3000^40000 * 

The summation of this series is very easy; we have only 
to divide to of i M, that is, the number 

• 021714724095161, 

successively by 2, 3, 4, &c. up to 12, prefixing to each 
quotient as many ciphers, minus one, as there are units 
in the divisor, and to add them and the dividend together 
thus 

• 021714724095161 

io6dTaoao4T6e 

072382413651 

05428681024 

0434294482 

036191207 

03102103 

0271434 

024127 

02171 

0197 

018 



022878745280333 



This result taken from • 5 leaves for log. 3 

log. 3 = • 477121954719667 

which is true, as far as fourteen places of decimals. 

If, in the preceding example, instead of putting 10 for 
«, we had put either of the numbers 100, 1000, 10000, 
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&c. we should obviously have obtained the very same 
series of quotients, as far as the significant figures are 
concerned, but each would have been preceded by a 
greater number of ciphers; having, then, these quotients 
already prepared, we may at once determine the logarithms 
of 99, of 999, of 9999, &c. ; and, by taking the quotients 
alternately positive and n^ative, agreeably to the series 
(3) we may as easily compute the logarithms of 11, 101, 
1001, 10001, &c.; we shall therefore consider, in what 
follows, that these logarithms have been determined in this 
place. 

(5.) As we have now given a choice of methods for 
computing the logarithms of the three first prime numbers, 
we may proceed to apply Borda's theorem to the determina- 
tion of the others in succession. But it is proper that we 
should first fix a limit to the number of decimals each 
logarithm is to have, as also to the extent of the table to 
be constructed. For all the usual purposes of calculation, 
a table of 100000 logarithms, of seven decimals each, is 
found to be amply sufficient, and accordingly to this extent 
all our best modern tables are carried. Previously, how- 
ever, to tabulating the logarithms, it is necessary that they 
be carried to a greater extent of decimals than this, in 
order to provide against the errors which we might expect 
would affect the latter decimals of many logarithms deter- 
mined by the combination of others, which are themselves 
not strictly accurate, ^except when their numbers are 
powers of 10,) because of the omission of decimals to the 
right. We shall, therefore, in this chapter, suppose the 
logarithms to be computed in the first instance to twelve 
decimal places. 

(6.) If we now return to Borda's theorem, and examine 
the second term of the series, we easily perceive that, when 
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psz 39, this term can have no significant figure in the first 
thirteen places of decimals, so that' for the prime number 
41, and all the succeeding, we need take account only of 
the first term of the series, and we shall now dhow how, 
by means of a few obvious transformations, we may 
dispense with the second term of the series in computing 
the primes below 41. In the following table, we suppose 
of course that the logarithms arising from the combination 
of those of 2, 3, and 5, are known, as also log. 11, (see 
art. 4;) 

2M 

1. Let J9 = 34 .-. log. m =log. 82 -f 2 log. 35—2 log. 33 + -—- 

lOoOl 

4- <fec. 
or 2 log. 2 + 2 log. 3 = 5 log. 2 + 2 log. 5 -f 21og. 7 —2 log. 3 — 

2 log. 11 -I- -?5L J- &c. 
^ ^ 19601 ^ 

but 5 log. 2 -f 21og.5=reiog.2-f 2 {log. 2 + log.^} =8 log.2 + 2, 

therefore 

M 

log.7=-l--ilog.2H-21og.8 + log.ll-j-j55j-Ac. 

2. Let ;? B3 3T . •. log. 39 = log. 13 -f log. 3 =s log. 35 + 2 log. 38 — 

2^°«-^^-*-2i2ri+*^- 

2M 

.-. log. 13 = log.35 + 2 logl9»— 21og. 18 -log. 3 + ^^^ -h Ac. 

3. Let/>= 134 .'. log. 136 =;log. 17 -f log. 8 ss 132 -f 2 log. 135 — 

* *^-*»^ + 12^51+ *"• 
... log. 17 = log. 132 -f 2 log. 135 — 2 log. 133 — log. 8 + jj^^ 

+ &c. 

2M 

4. LetjB = 97 .-.log. 99 =5= log. 95 + 2 log. 98 — 2 log. 96+ - ^^^^^^ 

+ <fec. 



* Log. 19 will be determined independently of log. 13. 
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.«. log. 19 = log. 00 —log. 5 —1 log. 08 + 2 log. 06 ^^ — Ac. 

® 456101 

5. heip = 67 .•. log. 60 = log. 23 + log. 3 = log. 66 + 2 log. 68 — 

2M 
* *^«-^-*- 150281 + *^- 

.'. log. 23 = log. 65 + 2 log. 68— 21og. 66— log. 3 + ^^ + &c. 

* ^ 150281 

6. Leip = 56 .•. log. 58 = log. 29 + log. 2 = log. 54 + 2 log. 5t — 

** . 2M 

^^^«-^^+ 87724 + *^- 

M 

.'. log. 20 = log. 27 + 2 log. 57—2 log. 56 -f -~^ + Ac. 

43862 

7. heip = 122 .*. log. 124 == log. 31 + log. 4 = log. 120 -f 2 log. 123 

-•log-m + g^ 

2M 

.-. log. 31 = log. 30 -f 2 log. 128* — 2 log. 121 + — ii- + Ac. 

007741 

8. log. 37 =: log. y =s log. 000 — log. 27. (See art. 4). 

The foregoing expressions give the several logarithms 
true to at least thirteen decimal places, employing only 
the first term of each series. 

We may now continue the computation without perform- 
ing any transformation on Borda's series, and without 
using more than the first term, so that the formula becomes 
simply 

log. (;>-f2)=log. (;i-2)+ 21og. (/» + 1) -21og. (/»^1) 4- 

-^ (10). 

tVith this formula we may compute the next thirteen prime 
numbers, that is, till we come to the prime 101, when it 
may be changed for one rather more commodious, which 
we deduce as follows. 

(7.) In the equation (5) substitute 3-5 ^ 1" ^^^ ^> 

* This log. depends on log. 41, which is at once obtainable from 
Boida'8 theorem, without performing any preliminary transformation. 

C 
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and it becomes 

but 

»»4-2o4-1 = Cp+1)^ also — r = i ; 

hence 

M 

2 log. 0? H- 1 ) — log.;? - log. (i? + 2) = ^jq— ^-— J + Ac. 

omitting the second term of the series, because, when 
p = 100, this term can have no significant figure in the 
first thirteen places of decimals; therefore, by transposing, 
we have 

log. (p + l)^i [log.p H- log. (/» + 2)} +-—M——. . (11.) 

This theorem is of easy application, and is, at the same 
time, very correct, for /? -f 1 being a prime number, p and 
jp + 2 must be composite numbers, and, therefore, the 
logarithms of these latter will be determined firom those 
nearer to the commencement of the table, than the number 
j9 -f 1, by at least one half the distance ofp -f 1 from the 
commencement, and, of course, the nearer to the com- 
mencement the logarithms are taken, the less is the pro- 
bability of errors in their last decimals. The principal labour 
attending the application of this formula consists in squaring 
the proposed number, and subsequently dividing iM or 
•2171472409516 by the result; but when the square of one 
number is ascertained, that of any other number, q, units 
higher, is found by multiplying the former by twice q, and 
adding q^ to the result; this part of the work is, therefore, 
very trifling, and the labour of the division continually 
lessens, because fewer quotient figures are required as the 
computation proceeds. When the succeeding primes 
below 500 have been computed by this formula, we may 
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substitute for it another unconnected with any series, and 
which is the result of the following investigation. 
(8.) In the series, 

log.(l+«) = M{« — J««+Jn8— i»4 + J«»-.ifec.}, 

put - for fly and we have 
P 

Let q be successively 5, 4, 3, 3, 1, and we shall then 
easily deduce this equation, viz. 

log. (;> + 5) — 6log. (;> H- 4) + 10 log. (;j + 3) — 10 log. (p + 2) 

+ 61og.(;?+l)= 

i= 1 <ii;f f 4 4» 43 4* 4* 46 , „ , 

— 5log.o — 6M { _ + «fec.} 

** ^ ^ j» 2p9 ^ 3j»3 4p* ^ 5jB» 6p6 * 

-4-10loK.w + 10M{l. — -?l-f--?i — ^* 4 3* 2L4.&C.) 

— 10 loflf. p — lOM t r H + Ac. } 

+ 51og.»+ 5M{i i_4.-i 1-4- J i_ + <fec.} 



, 24M 300M , -^ 
= log.li +^^5 ;^+**^' 

consequently 

log. (p + 5) = 51og. (/> + 4) — 10 log. (p + B) + 10 log. (;i + 2) 

— 51og. (p+l) + log.p + 
24M 300M , 2400M ^ ,-_ . 

Now, when /? = 500, the first term of this series is too 
small to affect the twelfth decimal, so that, for primes 
above 500, the series may be entirely rejected, without 
causing an error sufficiently great to affect the accuracy 
of the twelve first decimals in the resulting logarithm. 
Hence the formula for computation is 
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72 

The convergency of this series^ when x is not a small 
number, exceeds the convergency of Borda's series, but 
for primes below 53, Borda's converges fastest. This 
formula of Haros will give the logarithm of 53 true to 
thirty decimals, by employing only the two leading terms 
of the series, and when a;= 1000, supposing the preceding 
logarithms to have been calculated, we shall get the 
logarithm of the prime number 1005 to thirty places, by 
using only the first term. 

(11.) Before closing the present chapter, it may be 

proper to apprise the student that some caution is necessary 

in deducing logarithmic formulas one from another, in 

order to avoid erroneous conclusions. Thus, although thp 

1+n 
expression • involves no impossibility, whatever number 

we put for w, whether positive or negative, it is not so when 
we take the logarithm of the same expression, for log. 

=-^- is impossible for all positive values of n greater than 

1 , and for all negative values less than \\; in other words, 
this expression can have a real signification only when n 
is either a positive or negative proper fraction. This 
obviously results from the fact that no negative number 
can have a real logarithm in any system whose base is a 
positive number. (See chap. iv. follovovng.) 

From not attending to this circumstance, some writers 
have fallen into error, in attempting to deduce the series 
of Borda and Haros directly from the series (5),* for they 

* Mr. Jephson, at p. 54, vol. 1, of YAs Fhixional Calculiifl, has com- 
mitted this inadvertency. We are happy to be fnmithed with even this 
opportunity of referring to Mr. Jephson's work, the second volume of 
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substitute, in this formula, jfi ^3p+ 2 for 1 + n, and 
j!>s__ 3p__2 for 1 — n, in order to get Borda's formula, and to 
deduce that of Haros, the expressions ar* — 25x2 +144, 
and x^ — 25x2 , are substituted. The series resulting 
from these substitutions are indeed the same in form as 
those of Borda and Haros, but they are not the series 
themselves for they do not even converge, but, on the 
contrary, diverge. 



CBAVTBlt ZX. 

ON THE COMPUTATION OF LOGARITHMS BY THE 

METHOD OF DIFFERENCES, OR BY 

INTERPOLATION. 

(12.) The method of differences, as far as regards the 
computation of logarithms, may be explained as follows : 
Let a, by c, rf, e, &c. represent any series of numbers ; 
then, if their successive differences be taken, these diffe- 
rences will form a new series, viz. a — b, b ^ c, c — d, 
d_e, or else b — a, c — 6, d — c, e — d, accordingly as 
the numbers in the proposed series decrease or increase. 
This new series is called the Jirst order of differences. In 
like manner, if the successive differences of the terms of 
this last series be taken, a new series, called the second 
order of differences, will be obtained, and so on. Here 
we must remark, that although the original series may be 
a decreasing one, yet the successive orders of differences 

which is a valuable addition to onr scanty stock of books on the Integral 
Calcolos, and well deserves the attention of students in the higher 
departments of analysis. 
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may all be increasing series, and that, on the other hand, 
when the original series is an increasing one, the several 
orders of differences may all be decreasing series. This, 
indeed, is precisely the case with logarithms ; taken in an 
increasing order, their successive differences diminish, and, 
therefore, when taken in the contrary order, their diffe- 
rences increase. 

Let us suppose a, b, c, dy e, &c. to be logarithms taken 
in a decreasing order, then, for the several differences, we 

have 

a, hf c, </, Cy cfec. 

Istorderofdiff. a — 6, h — c, c?— ^f, d — e, <fec. 

a-^b h — e e — d 



2d order. — a-f26— <?, — *+2(>-rf, — c+2rf— e,<fec. 

— a+2d— <? -.ft4.2c— d 

3d order. a— Si+Sc— rf, h — 3c+Srf— e, <fec. 

a— 3fc+3c— d 

4th Older. — a4'4& — 6c-|-4rf— e, <fec. 

From the mode of generating these differences, it is 
obvious, first, that the second difference in any order is 
equal to the first in the same order, plus the first in the 
succeeding order; and, secondly, that the coefficients of 
the several terms composing either of the differences, in 
any order, are respectively the same as the coefficients in 
that power of the expanded binomial. 

Let, now, the same series be considered as increasing, 

then 

a, hy Cf dy ey cfec. 

l8tord.ofdiff.6 — a, c— 6, rf— c, e— <f 

6— <i, i?— 6, rf— c 

2d Older. — c-f2*— a, — rf+2c— 6, — eH-2rf— c, <fec. 

-H?4-2fr— « -rf+2c-6 
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3d order. </— 3cH-36— a, e— 3rfH-3<?— fc, ^. 

4th order. . — c+4fl?— fle4-46— a, Ac. 

<&c. 
Here we see that the second difference in any order is 
equal to the first in the same order, minus the first in the 
succeeding order, and, as regards the coefficients, the same 
may be observed as in the preceding case. 

Let us now suppose that, by continuing the above process 
of difTerencing, we at length arrive at an order of diffe- 
rences, of which each term differs so little from the con- 
secutive term, that they may for a certain number of terms 
be considered as equal, without material error. Admit 
such an order of differences to be the fourth ; then, when 
the original series is decreasing, if we add this constant 
fourth difference to the first of the third order, the first of 
the third order to the first of the second, the first of the 
second to the first of the first, and note the three results, 
and then, returning to the same constant fourth difference, 
add it to the first result, this first result to the second, and 
the second to the third, noting each new result, and then 
proceed with the constant fourth difference, and these 
results as with the former set, we shall obviously obtain, 
in succession, the several first differences, & _ c, c — dy 
d Cy &c., and a, and a — 5, the first term and first diffe- 
rence being previously known we shall obtain, by subtract- 
ing this difference from the first term, the next difference 
from the result, the next from this result, and so on^ all 
the terms, 5, c, d, e, &c., in succession, till we have got 
the same number as those for which we have supposed the 
fourth differences constant.* When the original series is 

1^— ' ■ — ^^— ■ n III . ■ 111 I I , 

* If the terms of any order of differences were accurately equal, it is 
plain that the terms of the original series might be found to any extent ; 
but this is not the case with the logarithmic difierences. 
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increasing, the first differences,, c—by d—c, e _J, are 
obtained by successively subtracting where in the above 
case we have added, and the terms themselves are got 
from the first differences by adding, instead of subtracting, 
as before. It follows, therefore, that when the first term 
is given, and also the first of each order of differences., till 
we come to a constant difference, all the succeeding terms 
of the series may be found, and it is upon this that the 
computation of logarithms by interpolation depends. 

(13.) But before we can employ this method, we must 
obviously possess some means of determining the first term 
of each order of differences from the first term of the original 
series, and these means we shall now proceed to deduce. 

We shall here, as in last article, suppose the fourth 
differences equal, and shall afterwards show that the error 
we commit in extending this supposition to one hundred 
consecutive differences,' is too small to produce any sensible 
effect upon the hundred resulting logarithms, within those 
limits of the table, between which we propose to apply the 
present method of computation. 

Let n + 2, w -^ 1, n, » — 1, n— 2, be ^ve consecutive 
numbers ; then, for the several first differences of their 
logarithms, we shall have, (see art, S,) 



First Differences, 
log. (« + 2) - log. (« + I) = M{l-J- + -L _^ + »» 



n 2n* 3«» 4n* 5n* 
log. („ + .)- log. n = M {l_^ + ^__l- + _i_ 



0n« 
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log. n -^ log. (« — 1) =: M {i-+ J-J L-l. JL-L i 4. 

e^r + ^o} 

l<«.(n-I)-U.g.(»-2) = M(i.+5L + J. + ^ + ^^ 

Subtracting each of these from the succeeding, we have 
for 

Second Differences^ 

^ n» ^ 2n* ^ 3»« ' 

Subtracting each of th^se from the succeeding, we have, for 



Third Differences. 



and subtracting the first of these from the second, we have, 
for the 

Fourth Difference, 

As this last is to be considered constant for several 
consecutive terms in the fourth order, we should have 
arrived at an expression of the same numerical value, if w^ 
had differenced the series »+ 1^ n, n— 1, » — 2, n— 3, 
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that is, if we had supposed the series to beg^ at n -f 1 
instead of at n ^ 2 ; we shall make this supposition, then, 
because the expressions for the first, second, and third 
difierences will be those in the above table, which are most 
easy to calculate. Hence the logarithms of the numbers 
n 4- 1, n, n— 1, &c. will correspond to the letters a, 6, c, 
&c. employed in art. (12), and the first term of the several 
orders of differences, which we rfiall represent by A*, A*, 
A', A*, successively, will, by the foregoing table, be 

A>=:M[J- L-i—L— J^-f. J L + ifec.}=a — 6 

n' 2«* 3«o 

A>==M{ l^A + 4-^6 +*c.}=a-36 

+ 8c— rf 

fi 20 
A* = M[_-H h&c.) = — a + 46 — 6<?-f 4rf-e 

From inspecting this table of differences, it appears that, 

when the first difference A* is calculated, the others are 

readily deduced. Thus 

A' == Doable the pnun of the negative terms of A* 

A' = 6 (3d term of aO + 12 (4th term) + 30 (5th term) + QO 

(6th term). 
A^ = doable the sam of the negative terms of A** 

Having in this way got all the first differences, we deduce, 
by successive additions, as explained in art. (12), the 
succeeding differences, 6 — c, c^d, &c. of the first order, 
and thence, by successive subtractions, the terms b, c, d, 
&c., a, or log. (n + 1), being the known logarithm from 
which we set out. We may now easily estimate the extent 
of error introduced, by supposing the fourth differences 
constant, within any proposed limits of the table ; thus, 
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taking (n -f 1) = 100000, which we shall .consider as the 
last number in the table, we have for A* the value 

• 000000000000000000026, 

and when n + 1 =s 50000, the value is 

•000000000000000000417; 

we thus see by how very small a quantity the differences 
of the fourth order must vary from each other within these 
limits of the table, for the sum of all these variations, when 
carried through 50000 terms or logarithms, amount only 
to the difference of the two values of A* just determined, 
that is, to the number 

• 000000000000000000391, 

a quantity in itself too small to deserve notice. It must, 
however, be remembered,, that although each of the diffe- 
rences of the fourth order vary from the next on the average 
only by about the 50000th part of this very small number, 
yet it would not be safe to suppose this variation through 
so many as 50000 terms, for the very small error affecting 
A^ would, by continual addition, multiply itself so much, 
as at length to become of consequence, and, indeed, were 
A* affected with no such error, the same objection would 
hold against calculating so many terms, because as A^ is 
not a terminating decimal, we could never employ it un- 
affected with any error, since we should be compelled to 
omit decimals to the right, which would, in like manner, 
at length cause sensible error in the resulting logarithms. 
We shall now, therefore, endeavour to ascertain how many 
logarithms below 100000 we may safely compute, without 
being obliged to take A^ with an unmanageable number 
of decimals. 

(14.) Referring to the expressions for A*, A% A', &c. 
art. (12), we have, by transposition, 

D 
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the tenns following A^ yanishing, because A* is considered 
constant. If we had taken the second series of expressions 
for A*, A*, A', &c. in art. (12), the proposed series being 
then increasing, the general expression would have been 

2 2-3 

m(w»-l)(«i — 2)(ot>~3) 4 
2-3-4 

The coefficients of A*, A*, A% and A*, denote the number 
of times these differences are repeated in going from a to /, 
m units distant ; hence, making m successively equal to 
10, 20 30, &c., we have the following table of values : 



tbI. of m 


coef.of A' 


coef. of A' 


coef. of A* 


10 


45 


120 


210 


SO 


190 


1140 


4845 


30 


435 


4060 


27405 


40 


780 


9880 


01390 


60 


1225 


19600 


230300 


ifec. 


(fee. 


Ac 


<fec. 



We see from this table that to compute 50 logarithms 
on either side of the given logarithm, A^, must be repeated, 
either by way of addition or subtraction 230300 times, so 
that, in the 50th logarithm, the original error in A^ must 
become so many times increased; but that part of this 
error arising from our having taken A^ for the constant 
differences of the fourth order, is, even when thus increased, 
still too small to affect the accuracy of the 50th logarithm, 
computed to 17 places of decimals. We have, therefore, 
only to take care to calculate A^ to six places of decimals 
beyond that wher^we propose our logarithms to terminate, 
for then 230300 times, the error in A*, will produce no 
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effect upon this terminating decimal^ provided it occupy 
any place below the eighteenth.* 

(15.) Having now explained the principles of the method 
of interpolation, we may proceed at once to the actual 
construction of a table ; first, however, calculating by the 
precepts in (13), the values of A*, A*, A', A*, when n^- 1 
= 100000. These values we find to be 

A' =: - 0000043429665339 
A^ = • 00000000004343031679 
A^ =: * 000000000000000868628 
A^ = * 0000000000000000000261 

and the following is a specimen of the table, in which all 
the logarithms are true to 16 decimals. The digits to the 
right of the comma in A^ and A' fall beyond the last digit 
in the preceding column, and are, therefore, to be rejected 
in the addition. 

^i— ^^— — '■ ■ ■ ■■[■■■■■-■I ■■ l^l»l M— — ^p^— — fcll 11 ■ ^■^M^^^M^.^M^,,^^^^ 

« It may be remarked jiiat the two errors with which A^ i& affected 
oppose each other. 
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Had we wished our table to extend beyond the number 
100000, we could just as readily have obtained 50* more 
logarithms by calculating upwards, the differences being 
derived by continual subtraction, and the logarithms found 
by addition. The first step of this upward work is here 
exhibited 
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* If WB employ the Bome g^^en first diflforences in the upward cal- 
culation 88 in the downward^ we ought to obtain fewer logtoithms by 
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(16.) To continue the table downwards, it will be 
necessary to begin afresh, setting out with the number 
99900, the logarithm of which we shall shortly show how to 
find, and calculating a new set of differences. This done, 
we may compute, by working both upwards and down- 
wards, as in the preceding specimens, 100 more logarithms. 
In a similar manner, by setting out from the logarithm of 
99800, previously calculated, we shall deduce a hundred 
more logarithms, and so on, down to the number 60000, 
that is, through half the extent of the table. By means 
of log. 100000 and log. 50000, we may obtain log. 2, and, 
taking log. 2 from all the logarithms in succession, now 
calculated, the remainders will obviously be the logarithms 
of all the numbers from 50000 to 25000. In like manner, 
the log. 2 taken from each of these will furnish the loga- 
rithms to the numbers between 25000 and 125000, and 
lastly, by taking log. 2 from those between 25000 and 
20000, we obtain the logarithms to all the numbers down 
to 10000. As to the logarithms of the numbers below this 
down to unity, they will, it is plain, differ from every tenth 
logarithm from the top of the table only in the index, they 
are, therefore, all calculated, and in this manner is the 
table completed. In carrying on this work of interpolation, 
it is necessary, as we have seen above, to be provided with 
the logarithms of the numbers 99900, 99800, and so on 
at intervals of 100, and we shall now show how to compute 

them. 

Referring to the formulas at (13), let A*, A», and A% 
be calculated by them for w + 1 = 1000, and let also, 
seven valines of A* be calculated for the following successive 



three, for the nmnbers should then be considered as commencing at 
99997 ^ but an additional log. or two may be safely deduced. 
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values of n, viz. n=:998y* ns997, &C.9 the first of these 
will complete the first set of differences, and thence, by 
means of the six following values of A^, we may readily 
find in succession the logarithms of the numbers 999, 998, 
997, &c. to 990, as follows : 



* The formula for the fourth difference in art. (13) arose from 
differencing the series w 4-2, w-fl, n,n — 1, n — 2; hence, since 
the diflfervnces to be calculated above are not supposed to be constant, 
n + 2 must equal the successiFe numbers 1000, 999, ifec. from which 
we set out* 
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Now, by adding 2 to the index of each of these logarithms^ 
there will be obtained the logarithms of 99900, 99800, &c. 
down to 99000, and every hundredth logarithm below this 
may be derived as fast as they are wanted, by the help of 
those previously computed. For, since 

990 X 101=: 09000, 

and since, also, the logarithms of 990 and 99990 have been 
determined, log. 101 is known; moreover 



080"\ 


r 09880 


088 1 


00788 


087 1 


00687 


086 1 ' 


00586 


^!^ VX101=^ 


00485 


9H ( *"*-~> 


00384 


083 1 i 


00283 


082 1 


00182 


081 1 


00081 


080/ 


LO8O8O 


and log. 102 is given, because 930 x 102 = 99960, and 


log. 9960 is known, therefore 




070"\ 


r 00858 


078 1 • 


00756 


077 1 


09654 


076 1 ^ 


99552 


S,1>X102=< 


99450 
00348 


973 i 


00246 


072 1 


00144 


071 1 


00042 


070-/ 


L08040 



from this last we get log. 103, because 970 x 103 = 99910, 
and so on. The logarithms of all numbers from 990 down 
to 500 being obtained in this easy manner, we shall have 
merely to add 2 to the index of each, in order to obtain 
the logarithm of every hundredth number down to 50000, 
and they will be true as far as sixteen places of decimals. 
If the logarithms are not required to so many as fifteen or- 
sixteen decimals, the work of interpolation will evidently 
be shortened; thus, if about ten or eleven decimals 
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suffice, then we may all along reject the fourth differences, 
and consider the third as constant. 

(17.) But perhaps the readiest way of all to compute a 
table would be, to combine with the methods delivered in 
this chapter some of the formulas and processes recom- 
mended in the last. Suppose, for instance, we wanted 
logarithms to ten decimals, which, as before remarked, 
is an extent more than sufficient for usual purposes, we 
might proceed with the computation according to the 
following directions. 

1. Commencing at the number 90000, compute, by 
interpolation, with three orders of differences the logarithms 
down to 60000 ; then, if we diminish the index of log. 
90000 by 4, we shall have log. 9,* the half of which will 
give log. 3. In like manner, from log. 60000 we get log. 
6, and log. 6 —log. 3= log. 2. 

2. Subtract log. 2 from each of the logarithms of the 
even numbers thus computed, and subtract log. 3 from 
the first, and from every fourth logarithm following, and 
we shall obviously thu« obtain the logarithms of all numbers 
from 45000 down to 20000, both inclusive ; and again, 
subtracting log. 2 from each of the logarithms of the even 
numbers from 40000 to 20000, we obtain 10000 more 
logarithms, so that we have in all, besides the 30000 
logarithms at first computed, those of all the numbers from 
45000 down to 10000. Again, to the logarithms of all 
the numbers between 30000 and 27500 add log. 2, and 
there will thus be obtained the logarithms of all the even 
numbers between 60000 and 45000, also to the logarithms 
of every other number between 20000 and 15000 add log. 



* Or, rather, let log. 9 be determined as in (4), and then log. 
90000 by adding 4 to the index. 
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3, and there will result the logarithm of every third odd 
number between 60000 and 45000, and therefore between 
these limits there will still remain 5000 logarithms to be 
determined. 

3. Compute these 5000 logarithms by means of the 
formula (13), at art. (9), and we shall then have the loga- 
rithms of all numbers from 90000 to 10000, and, by adding 
log. 2 to each of those between 45000 and 50000, we shall 
get the logarithms of all the even numbers from 90000 to 
100000, and the logarithm of every odd number will be 
found by taking half the sum of the logarithms of the two 
even numbers between which it stands, and adding 2 to 
the eleventh decimal in each result,* (see art. 7.) 

The 100000 logarithms thus computed will be true to at 
least ten places of decimals, provided the 30000 first 
computed are triie to eleven places. 

(18.) When of any series of consecutive logarithms all 
but one are known, the unknown logarithm may be readily 
found, to a certain number of decimals, by means of the 
several differences expressed in (12), and the greater the 
number of terms in the proposed series, the greater will 
be the number of decimals that may be determined for the 
required logarithm. Thus, suppose the logarithms of the 
numbers 101, 102, 103, 104, and 105 were proposed, and 
that of these all were known except log. 103, then we 
know, from (13), that when n is about. 100, the fourth 
difference will have no significant figure in the first seven 
places of decimals. Hence, referring to the expression in 
(13) for the fourth difference, we may obviously determine 

* For, between the limitB J9 =: 90000, and p = 100000, we shall 
obTioosly always have 

. ^. ,., =s • 00000000002. 



COMPUTATION OF LOGARITHMS. 37 

the logarithm sought to seven places of decunalsi by means 
of the equation 

a^46 + 6c-~4rf-f essOOTc= ^ ^ ^ ^ ^ ^ ^ 

o 

where 

a = log. 101 = 2 * 0043214 
h = log. 102 s= 2 • 0086002 
d = log. 104 = 2 • 0170333 
e=log. 105 = 2*0211803 

.-. 4 (6 -{- rf) = 16 • 1025340 
a + «=:4*02d510T 

6)12 • 0770233 

CSS log. 103 = 2 -0128372 

and this will sometimes be a convenient way of determining 
the logarithms of the prime numbers, in certain parts of 
the table, or of verifying those computed by other means. 
If we had had a greater number of logarithms given, we 
might have equated the fifth or sixth difference with 0, 
instead of the fourth, and have then obtained a greater 
number of true decimals. 
The expression 

2 2-3 

m(m — l)(m---2)(w-~3) 

2 -3 -4 z^ -r • 

deduced in article (14), will enable us to calculate any 
term in the series from which the several differences A^ 
A*, &c. are deduced, provided we know these difierences, 
and the first term a ; but it will not enable us to insert 
between the terms of the proposed series other terms, so 
that all may follow the same law. To do this requires the 
aid of a more general formula, in which that above is 
comprehended, and which, in order to render this chapter 
the more complete, we here propose to investigate. 

E 
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(19.) The problem may be enunciated as follows, viz. 

To determine the general relation which exists between 
two variable quantities, x and y, from knowing the relation 
which exists in the particular cases, x zis a, yi s=z ^ ; a? = a", 
y=s0; ar=«", y=^'; &c. 

Let the general relation be 

y = A -I- Ba? -h Ca?2 -{- Da?^ -f &c. 
A, B, C, D, &c. being undeterminate coefficients ; then, 
from the given conditions, we must have the equations 

/3 =A-f B« -|-Ca8 +D«t» 4- Ac." 

i3' = A + Ba' 4- Ca'3 4- D«'3 + &c. 

i3" = A 4- Ba" 4- C«"» 4- D«"3 4- Ac. 

/3"' = A 4- B«'" 4- C«t'"2 4- Da'"3 4- &c. 
<&c. <&c. 

by means of which the coefficients must be determined. 
To do this in the simplest manner, let each equation be 
subtracted from the following, and we shall have these 
results 

()3' — i3) = B(«' — «)4-C(*'a — «3)4.D(a'» — ««)4.cfec. 
(P" — i3') = B («" — •') 4- C (a"» — «'8) 4- D («"' —«'»)+*<?• 

(i3'" — P") = B (a'" — a") 4- C («'"« — a"2) ^ p (»'/'3 __ ^"3) _|_ ^fec. 
<fec. i&C. 

and by division 

^',~^ =B4-C (a' 4-« ) 4- D («'» 4:«' « 4-*' ) + «fec.=:a 

a — A 

^^' =B4-C («"4-«') + 1> («"«4-«"«' +«'») + &c. =a' >(2,) 

^^^=^, = 84-0 («'"4-0 4- D (a'"^+a'"a"-^a"^) + &C. =a"^ 

(fee. (fee. (fee. 

the values of a, a', d' y &c. are known, because the first 
member of each equation is known. 

Now these equations are of the same form as the equa- 
tions (1), and A is found eliminated ; hence, by performing 
a similar process, with the equations (2) as with the equa- 
tions (1) we shall have 
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%rzr, = C -{- D («"+«'+ a) -t- <fec. 5=6 

M, / ^ . . . . (3,) 



a'" — • 



C. s=:6 -X 

> . . . . (3,^ 
;. =6'^ 



<fec. <fec. <fec. 

the values of 6, i', &c. are known, because the first member 
of each equation is known, and 6 is eliminated. By 
continuing this process, we shall eliminate the coefficients 
one by one, till we come to the last, the value of which 
may then be determined from the final simple equation, 
and thence all the others, or, at least, as many as there are 
given conditions, so that we shall, at all events, obtain an 
approximation to the general relation sought, which will 
be so much the nearer the truth as the given relations are 
greater in number. Suppose, for example, only three 
relations are given, then the approximate general relation is 

y=A-|-B*-{-Ca^, 
and equations (2) and (3) become 

a — a, 
&' — & 

=:C = 6. 



a' — a 



«" 



substituting this value of C, in equation (2,) we have 

B = a — 6(a' + «.) 

Also, since from the proposed equation we have 

^ = A + Ba + Ci»a, 

we obtain for A, after having replaced B and C by the 
values just determined, the expression 

A:=P — a* + beut'. 

Having thus determined the values of the three coefficients, 
we have, for the general relation sought, this approxi- 
mation : 
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^ = /3 — fl« + hau' + (a — ha* — h*) x -|- ha^f 
or 

y = /3 -f- a ("J? — a) -{■h(x — «) (a? — *')• 
If four conditions had been given, we should have obtained 
the expression 
y =5 j3 -j- a (a? — «) -f h (a — a) (x — «') +c(a: — «) (a? — a) 

(ir — «"). . .. (4,) 
and so on. This is Newton's method of solution; but, 
observes Lagrange, it may be much more simply obtained 
from the following considerations: 

Since y ought to become /S, ^, P'y <&c. when x becomes 
Ay a'f a" &c. it is obvious that the expression for y must be 
of the form 

y = A'/3 + B'j3' + C'jS" H- <fec. 
where the quantities A', B', C, &c. must be functions of 
X, such that, when we put 

d? = a, we must have A'=: 1, B' = 0, C' = 0, <fec. 

«• = «', A' = 0,B'=1, C' = 0, «fec. 

a? = ct", A' = 0, B'rsO, C'= 1, «fec. 

<&c. <fec. 

consequently the values of A', B', C, &c. must necessarily 

take the form 

A' = (^ — *0 (^^ —O (-g — ft^'O <fec. 

B'= (^ — «) («» --0 (g —O <fec. 
(a' — a) («' —a") (a' — «'") &C. 

r/ ^^ (^ — *) (^ — **0 (^ — ^''0 «fec. 

(«"~ «) («''— «') (a''— a'") &C. 

where the number of factors in each numerator and deno- 
minator is one less than the number of given conditions. 
Hence the general expression for y is 

_ (g? — »0 {x -^a") <x ~ O «fec. .j 

-4- (^ — ft) ("^ — <*'0 i^ — <^"') <fec. ^, 
(a' — a) (a' —ft") (a' — ct'")&;r. '^ 
I (j? — <t) (.g — ftQ jx — a! ") &C. ^,, 
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This expression differs from that of Newton only in form ; 
for if, in Newton's formula, the values of a, b, c, &c. be 
developed, and the results arranged according to the 
quantities /?, j?, &', &c. we shall obtain the same expression 
as that deduced by Lagrange. 

(20.) When the given quantities «, «', «", &c. are in 
arithmetical progression, the expression (4) leads to a 
formula of extensive use in interpolations. 

Let h be the common difference in the progression, then 
«' = « -f A, a" = « H- 2A, «'" = « -f 3A, &c. 
let, also, x s=s « + A', then 

d7 — a = A', « — «' = A' — A, a? — ft"5=A'--2A, <fec. 

Now, putting A'/S, A'^, A'p', &c. for the several first 
differences, fi' - /3, ^" - ^', /T" -./3", &c. we have (2) 

' h h A 

putting, in like manner, A*/3, a'/3', &c. for the second 
differences, A'/3' - A'i3, A'/3" - a'/3', &c, we have (3) 

l-2/*« 1-2A« 

substituting, also, A^/3, &c. for the third differences, A*^' 
— A*/5^, &c. there results 

1 • 2 • 3A» 

therefore the formula (4) becomes 

A A * 2A A * 2A * 3A 

«fec (5.) 

and this, when A = l, becomes identical to the formula 
already given. 

As an example of the application of this formula, let 
there be given log. 3100, log. 3110, log. 3120, to find the 
eighteen intermediate logarithms to seven or eight decimal 
places. 

£2 
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log. 311 7 = 3 • 4937368025 

1393075 
log. 3118 = 3 * 4938761100 

1392625 
log. 3119 = 3 • 4940153725 

1392175 
log. 3120 = 3 • 4941545900 

This last result proves the accuracy of all the preceding 
operations. Indeed the logarithms here computed are all 
true to the nearest unit, as far as eight decimals, thus 
possessing the same accuracy as the logarithms with which 
we set out. Hence, when the first 3000 logarithms are 
previously obtained, to about eight decimals each, this 
easy process may be advantageously employed. 

We shall give one more example of the application of 
the general formula (5). 

To compute the logarithm of the number 3 • 1415926536, 
by means of a table of logarithms of numbers from 1 to 
1000, calculated to ten places of decimals. 

Taking from the given table the logarithms of the 
numbers 3 • 14, 3 • 15, 3 • 16, 3 • 17, and 3 • 18, we have 
the following table of differences, those after the fourth 
being neglected, because they are too small to affect the 
accuracy of the tenth decimal in the logarithm to be 
computed : 



COMPUTATION Of LOOAHITIIMS. 



45 





*- 


^ 




*- 


^• 






1 fN 




© 






n Q 


^5 




< 1 


: 1 




O 


o 




o 


' o 




• 


• 




a 


fM OC 




CO 


O .-» 




*» 


-f '?i 




eo 


CO 00 




C« Tf» 


^ •!*< 




< 1 


0000 
0000 




o 


o e 




• 


• • 




»- oc 


-O 00 




U» CO 


oa »- 




© JN 


fr- »o 




o o 


^^ QO " 




(N c- 


<3 




r- CO 


n cc 


i CO cc 




^* ^"( 


1 1— 1 I—I 




s s 


: S S 




• • 


• • 




»-< 00 


«D <M © 




OD CO 


04 (N © 


• 


S SI 


OP CD 'M 

© (N F-H 


IP 


a o 


t- © »- 


ot ^^ 


00 «C ©1 


3 


a m 


©©"«*« 


« 00 


© •-< c^ 




© © © 




• • 


T»< »0 •O 
• • • 


m 

s 


Tj« »ft 


«D 1* 00 


• • 


1-1 r-^ i-H 

• « • 



00 CO CO O? CO 



46 COMPlTTATIOK OF LOGARITHMS. 

Now 3-14 being taken for *, and 3 • 1415926536 for x, 
we have A'=:a: — « = • 0015926536 ; hence 

4-=- 16926538 
n 



4A 4A 

These values substituted in the general formula -(5) give 

y = log. 3 • 1415926536 = • 4971498726. 



ON THE DIRECT COMPUTATION OF LOGARITHMS 
INDEPENDENTLY OF EACH OTHER. 

(21 .) To compute the logarithm of any proposed number 
without the aid of other logarithms, was considered, by the 
earlier computers, to be a problem of the first importance 
in the formation of a table. Methods for performing this 
computation were given by Napier ; of these, that which 
Bri^s prefers, and which appears the easiest, consists in 
taking a great number of continued geometrical means 
between 1 and the given number whose logarithm is 
required ; that is, first extracting the square root of the 
given number, then the root of the first root, the root of 
the second root, the root of the third root, and so on, till 
the last root shall exceed 1 by a very small decimal, so 
small, indeed, that the 1 may be followed by half as many 
ciphers as there are to be true decimal places in the loga- 
rithm sought. The decimal part of this last root will be 



COMPUTATION OF LOGARITHMS. 47 

the logarithm of the root itself, to the proposed number 
of places, and therefore, by multiplying it by such a power 
of 2 as is denoted by the number of extractions, the sought 
logarithm will be obtained. But although Mr. Briggs 
devises some ingenious contrivances to abridge the above 
labour of extractions, the process is at best very tedious. 
We shall, therefore, not dwell upon these or other con- 
trivances adopted in the infancy of this science to simplify 
the problem in question, but shall refer the inquiring 
reader for the most copious information of this kind to 
Dr. Hutton*s learned History of Logarithms. We shall 
here content ourselves with presenting to the student what 
seems to us to be the easiest method of computing loga- 
rithms, by a direct and independent process. It is due 
to Mr. Manning, and is published in the Philosophical 
Transactions for 1806, and as the paper is short, and 
popularly written, we shall extract it nearly as it stands. 

(22.) This method is, as Mr. Manning observes, pecu- 
liarly easy of application, requiring no division, multiplica- 
tion, or extraction of roots, and has its relative advantages 
highly increased by increasing the number of decimal 
places to which the computation is carried. 

The chief part of the working consists in merely setting 
down a number under itself removed one or more places 
to the right, and subtracting and repeating this operation; 
and consequently is very little liable to mistake. More- 
over, from the commodious manner in which the work 
stands, it may be revised with extreme rapidity. It may 
be performed after a few minutes* instruction by any one 
who is competent to subtract. It is as easy for large 
numbers as for small ; and, on an average, about 27 sub- 
tractions will furnish a logarithm accurately to about 10 
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n -i- 1 
places of decimals. In general, 9 x —w^ subtractions 

will be accurate to 2n places of decimals. In computing 
hyperbolic vlogarithms by this method, it is necessary to 
have previously established the h logs, of if, W? VSP^ Sec, 
of 2 and of IQ. 

With respect to the logs.' of *g% W, W, &c. their com- 
putation is very easy, they being the respective sums of 
the following series, (see art. 4,) 



10 ■ 2-lOa ■ 3-103 ' 4- 10* 

1 . 1 i 1 . 1 _i_A^ 

100 ^ 2 • lOOa ^ 3 • 100* ^ 4 • 100* 

1 1 1 1 



1000 ' 2*10003 ' 3*1000« ' 4*10004 

which series are very expeditiously simimed by the direc- 
tions given in the article just referred to. As to the log.' 
of 2 and 10, we have already explained (2, 4,) easy methods 
of determining them ; we shall, however, presently exhibit 
the process of finding them from the direct method which 
we are about to explain. As, in this method,' there will 
be frequent occasion for the logs, of *^, ISP, &c, of 10 and 
of 2, as well as for the modulus M. Mr. Manning gives 
the following tables of these numbers, and of their multiples, 
as far as 9, in order to save the labour of multiplications : 

log.' y 3s • 1053606150^5 

log.' ^ = • 010050335853 

log.' \jgj> = • 001000500333 
log-' y^ = * 000100005 
log.' iS^ = * 00001000005 
log-'l^^ r=r* 000001 
log*' WS^ ^ ' 0000001 
log.' VSSiJjff = ' 00000001 

<fec. <&c. 

log.' 2 =s ' 69314T180637 

log.' 10 = 2 • 30258509321 7 

M = * 434294481861 
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. Multiples of the above numbers. 

Double log/ y=' 210721031310 

triples: •316081546965 

quadruple = • 421442062620 

5 pie ==• 526802578275 

6 pie = -632163093930 

7 pie = • 737523609585 
« pie = • 842884125240 
9 pie s= • 948844640895 



DonUe log/ ^ =: : 


020100671706 


trii^ess' 


030151007559 


quadruple ^ ' 


040201343412 


5ples=< 


050251679265 


6ples=: 


•060302015118 


7ple = ' 


070352350971 


aples* 


080402680824 


9 pie = < 


' 090453022677 


Double log/ gff = ' 


> 002001000666 


triples 


> 003001500900 


qmidinpldss 


•004002001332 


^ple = 


•005002501665 


6ple = 


• 006003001998 


7ple = 


• 007003502331 


8 pie = • 


008004002664 


0ples< 


•009004502997 


Double log/2 as 1 


• 386294361274 


triple = 2 


* 079441541911 


qondruple ^ 2 


•772588722548 


5 pie = 3 


•465735903185 


6ple = 4 


• 158883083822 


7ple = 4 


* 852030264459 


8 pie = 5 


•545177445096 


9ple = 6 


• 238324625733 



50 COMPUTATION OF LOGARITHMS^ 

Double log/ 10 = 4 • 605nOU6i3i 

triple = 6 • 9077552T9651 

qaadniple= 9*210340372868 

5 pie = 11 • 512925466085 

6 pie =: 13 • 815510559302 

7 ple= 16 •118095652519 

8 pie = 18 * 420680745736 

9 pie = 20 • 72326583895a 



Doable M = 868588963722 

triple = 1 • 302883445583 

quadruple = 1 • 737177927444 

5ple=:2- 171472409305 

6 pie = 2 • 605766891 166 

7 pie = 3 • 040061373027 

8 pie = 3 * 474355854888 

9 pie = 3 • 908650336749 



We now proceed to the method itself. 

(23.) To find the log.' of any number not exceeding 2. 

Rule. Set the number under itself to be subtracted 
from itself, but removed so many places to the right as 
shall be necessary to make the remainder greater than 1 ; 
subtract. Proceed in the same manner with the remainder, 
and so on, till the remainder becomes 1 , followed by half 
as many ciphers as the number of decimals you work to ; 
suppose at the end of the operation you find that you have 
removed one place to the right and subtracted b times two 
places, c times three places, c? times, &c. ; then b log.' 5P + 
c log.' W -{-d log.' W + &c. H- decimal part of the last 
remainder is the log/ sought. And these numbers are 
collected out of the preceding table, for b, c, dy, &c. can 
none of them ever exceed 9. 
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EXAMPLE I. 

To find log/ 2 to 10 places of decimals, 

2 

^2 

1-8 
18 



1 ^es 

162 

1 -468 
1458 

1 • 3122 
13122 

1 • 18098 
118098 

1 • 062882 .... (6) 
1062882 



1 • 05225318 
105225318 

1 • 0417306482 
10417306482 

1 •031313341718 
103131334171 



1 • 0210002083009 
102100020830 

1 * 0107902062179 
101079020621 

1 * 0006823042558 (6) 

1000682304 



1 • 0005822360254 
1000582236 
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1 * 0004821778018 
1000482177 



1 • 0003821205841 
1000382129 

1 * 0002820913712 
1000282091 

1 * 0001820631621 
1000182063 

1 • 0000820449558 .... (6) 
100008204 



1 • 0000720441354 
100007204 

1 • 0000620434150 
100006204 

1 • 0000520427916 
100005204 

1 * 0000420422742 
100004204 

1 • 0000320418538 
100003204 

1 • 0000220415334 
100002204 

1 • 0000120413130 
100001204 

1 • 0000020411926 .... (8) 
10000020 



1 * 0000010411906 
10000010 

1 • 0000000411896 remainder. 
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6 log.' y =s • 632163093930 
6 log.' ^ s= • 0603020151 18 
61og.'y9^ =* 00060003 
S log.' ^ == • 0000800004 
2 log.' 1^ = • 000002 
dec. of last rem. = • 000000041 189 



log.' 2» = • 893147 18063T 



EXAMPLE II. 

To find log.' 1 • 25 





•25 
125 






• 125 
1125 






• 0125 ... (2) 
10125 






•002375. ... (1) 
1002375 






•001372625 
1001372625 






• 000371252375 . . . 
1000371252 


.(2) 




• 0002712152498 
1000271215 






• 0001711881283 
1000171188 






• 0000711710095 . . 
100007117 


..(3) 




• 0000611702918 
100006117 





* If the common logarithm is sought, we must multiply the modulus 
by this result, or add together the proper multiples of the modulus 
talcen out of the foregoing table. 
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1 • 0000^I1696$61 
I0OOO511d 



1 • 0000411691743 
100004116 

1 '0000311687629 
100003116 

1 * 0000211684513 
100002116 

1 • 0000111682397 
100001116 



1 -0000011681281 .... (7) 
10000011 



1 ' 0000001681270 rem. 

2 log/ tf =: • 210721031310 

1 log/ ^ = ' 010050335853 

2 log/ ^ 3B ' 002001000666 
3]og/^ sss * 000300015000 



7 log/ ^^ = • 600070000350 
1 log/ ^g* = • 000001 
decimal of last rem. = * 000000168127 

log/ 1 • 25 = •223143551308 

I 

(24.) To find the log.' of any number whole or mixed. 

Rule. Reduce the given number (if necessary) to a 
whole or mixed number less than 2, by setting the decimal 
point after the first significant figure, or if the given 
number be 10, or a power of 10 after the first 0, and then 
dividing by 2 (if necessary) till the integral part is 1.* 

Find the log.' of this reduced number by the last rule, 
and add to it or subtract from it as many times log.' 10 
as the decimal point was removed places to the left or 
right ; also add to it as many times log.' 2 as there were 
divisions 'by 2. The sum is the log.' required. 

• Three divisions by 2 will always suflSce. 
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EXAMPXJL III. 

To find log.' 10." 

By last example, 

10 

log.' 1 • 25 = log. ,^= 223142551306 

log. 23 = 2 • 0T044154191 1 

2*3O25S50932]7 



EXAMPLE IV. 



To find log. 7 to 5 places of decimals 

4)7 



1 '75 
175 

■ 

1 • 575 
1575 

1 • 4175 
14175 

t • 87575 
127575 

1 • 148)75 
1148175 

1 • 0333575 (5) 

1033357 



1 • 02302303 
1023023 

1 • 01270370 
1012793 



1 • 00266577 .... (3) 
100260 



1 •00166311 
100166 



1 '00066145 SB last rem. 
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dlog/^= 5268025 

3Iog/^= 0301510 

21og/^= 0020010 

Dec. of rem. = 0006614 

21og.'2 = l •3862043 

log.' 7 = 1- 9459102 

From the small number of subtractions log.' 7 must be 
true to six places of decimals. 

EXAMPLE V. 

To find log.' 5548748 to 6 places of decimals 

4)5 • 548T48 

1 • 387187 
1387187 



1 * 2484683 
12484683 

1 * 12362147 
112362147 

1 • 011259323 
10112593 

1 • 001146730 
1001146 

1 • 000145584 



31og.'y= 316081546 

1 log.' ^= 010050335 

1 log*' W= 001000500 

Dec. of rem. = 000145584 



log.' 1 • 387187 = 327277965 

6 log.' 10 = 13- 815510559 

2 log.' 2= 1 •386294361 

log.' 5548748 = 15 • 529082885 

(25.) The demonstration of the above rules is obvious. 
Setting the figures of a number one place to the right is 
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f 

dividing that number by 10, two places by 100, three 
places by 1000, &c. And subtracting a number so placed 
from the number itself is subtracting a 10th, a 100th, &c, 
of the number itself, and, consequently, the results are 
respectively -ftths, ^ths, &c. of the numbers proposed. 
Let b, e, d, Sec, denote as in the rule, then the original 
number = (V°)* -|- {W)^ -f QS^Y X &c. x last remainder. 
Therefore the log.' of the original number == b log.' i® -f c 
log.' ^ -{- d log.' J^ 4- &c. -}- log.' last rem. Now the 
last remainder being unity followed by a certain number 
of decimal ciphers, its correct log.', as far as twice that 
number of places, is (as is well known)* the decimal part 
itself of that remainder. Hence the value is manifest. 

(26.) The preceding method of finditng the logarithm of 
any number may be often* conveniently applied by way 
of verification, when we have any reason to doubt the 
accuracy of any particular logarithm, computed by a 
different process; and it is for this purpose principally 
that the method is valuable. 



MISCELLANEOUS PARTICULARS HESFECTrNG 

LOGARITHMS. 

(27.) Having, in the preceding chapters, given tolerably 
copious directions for computing a table of logarithms of 
all numbers from 1 to 1 00000, we shall now throw together 

* This will at once appear from referring to the series (1) in repre- 
senting the decimal part above mentioiied, for n* wUI be a decimal, 
haring at least twice as many ciphers pvefixed as n has. 
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a few miscellaneous particulars that ought to have a place 
in an essay on this subject. 

1 . To extend a table of logarithms to numbers beyond 
100000 by using only the logarithms of numbers below 
1000. 

This may be easily done by means of the formula 

by which the table may be extended as required. For 
example, suppose log. 543839 is required ; then, since 
543839 = 543834 + 5 = 729 + 746 + 5, we have, by 
this formula, 

log. 543839 = lok. T29 + log. T46 + 2M {^^ + J C-j^) ' 

-}- «fec.} 
The second term of this series cannot have a significant 
figure before the fifteentJi decimal, and may, therefore, be 
omitted. If the logarithms of numbers below 1000 be 
calculated to 11 decimals, all those between 100000 and 
1000000 may in this way be computed to at least ten 
decimals. 

2. The logarithms of negative numbers are excluded 
from all systems having positive bases. 

At the commencement of this essay, we assumed a* to 
be the base of any system of logarithms, and I -\-nto be 
any proposed number, and we proceeded to determine 
what value x ought to have to satisfy the equation a* = 1 
-|- n ; such a value we called the logarithm of the number 
1 -j- w, and we found for it this expression, viz. 

a? = log. (1 rf- «) = M (« — I «" + J «* — i »* + ^'} 
But this fails to represent the true value of x, whenever 
T-f n is a negative number, provided a be positive, and 
this failure we ought to expect ; for a being of arbitrary 
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value, we might assume it such that for any given negative 
number 1 -}- n the equation a' = 1 -}- n should be absolutely 
impossible. Thus, suppose n -}- 1 were — 2, we have then 
only to make a equal to 2, or 8, or 32, or, indeed, to any 
odd power of 2, in order to render the above equation 
impossible, and generally for any negative number — p 
the value of x will be impossible, provided a be any odd 
power oip. On this account all negative values of w -|- 1 
are necessarily excluded from the foregoing expression, 
which we see is always possible whatever be the value of 
n 4- 1 . It has been said that because c^ may be either a 
positive or a negative number, therefore J must be equally 
the logarithm, both of the positive and of the negative 
number ; but this is not true, inasmuch as c^ is not both 
a positive and a negative number, although it may be either 
the one or the other. If i be admitted to represent the 
logarithm of the positive value of a*, the same value taken 
negatively can have no logarithm in that system, for if it 
have any logarithm, that logarithm must be i, yet, as 
observed above, both values cannot have this logarithm. 

3. A system of logarithms cannot be formed from a 
negative base. For all odd powers and roots of such a 
base would be negative ; hence those numbers taken equal 
to any of these and positive, would have no logarithms in 
the system, and since all the even powers of the base are 
positive, the same numbers taken negatively would have 
no logarithms, and moreover all those numbers which are 
even roots of the base taken positively, would be without 
logarithms in such a system, whether these roots be con- 
sidered as positive or negative numbers. 

4. In any system whose base is greater than 1, the 
logarithm of an infinite number is infinitely positive, and 
the logarithm of is infinitely negatively ; but, if the base 
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be less than 1, then, on the contrary, the logarithm of an 
infinite number is infinitely negative, and the logarithm of 
i) infinitely positive. This is at once obvious ; for, in the 
equation a* = N, if a exceed 1, x must increase as long 
as N does, and become infinite with it. If N be less than 

1, X must be negative, that is,—- = N, and the first side 

of this equation can become only when x is infinite. 
But when a is less'than 1 , a' becomes when x is infinite, 

and — becomes infinite in like circumstances. 
a' 

If, in the series (4), p. 3, we suppose |>='l, it becomes 
log.i=lM(l+iH-i-l-4 + &c.) 

but J is infinite; therefore log. i is infinite, consequently 
the sum of the reciprocals of the arithmetical series of odd 
numbers is infinite. It follows, therefore, that the series 
i + i '\- i -\- 1 + &c. which, besides the above, contains also 
the terms |, j, ^c. must be infinite. 

6.jWe may give a geometrical representation to numbers 
and their logarithms. Thus, take any point. A, upon the 
indefinite straight line X', X, and draw the perpendicular, 
AY; then if from A there be p 

set off on X'X, both ways an 
indefinite number of lengths or 
abscissas, AM, AM', AM", &c. 
and Amy Am/, Am", &c. and 
from their extremities parallels 

^ X' m" m'm K M M" W" X 

to AY be drawn ; and if, moreover, we limit these parallels, 
or ordinates, so that, calling any abscissa a:, its ordinate, 
y, may always be equal to a*, a being an assumed number 
or length, the ordinates will obviously represent those 
numbers for which the abscissas represent tiie logarithms. 
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The curve, passing through the extremities of the orcUnates, 
is called the logarithmic curve, and its equation is jf = a'. 
At the point A, a;=rO, therefore y = a^=l, that is, the 
logarithm of 1 is 0, and if AM = 1, then ^ = M P = a, 
showing that the logarithm of the base is 1. If this 
assumed base exceed unity, the ordlnates of the curve 
increase as the abscissas to the right of A, that is, as the 
positive abscissas, increase, but they diminish as the negative 
abscissas, or those to the left, increase^ for the general 

value of the ordinates on this side is v = — ; hence, the 

ordinates increase till they become infinitely long to the 
right of A, and diminish till they become infinitely short 
to the left of A. The contrary will obviously have place 
it a be less than unity. 

If any abscissa be taken, so as to represent any even 
fractional number, as i, i, &c. the position of the corres- 
ponding ordinate would at first appear ambiguous, or we 
might suppose that the logarithmic curve admits of both 
positive and negative ordinates to the same abscissas ; but, 
by increasing or diminishing the value of x, in this case, 
by a quantity infinitely small, we find that the ordinates 
adjacent to this cannot be negative, so that the negative 
ordinate that seemed to claim our notice belongs not to 
the curve, but to a point out of it, and entirely uncon- 
nected with it, and this is a geometrical confirmation of 
what we advanced above about the logarithms of negative 
numbers. 

But the most remarkable property of this curve is the 
following, viz. That at any point, P, the ordinate and 
tangent always intercept a portion, M'" T, of the axis, AX, 
of the same constant length, and this property may be 
proved as follows : 

G 
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Infinitely near to PM'" conceive the ordinate pX to be 
drawn, then the infinitely small portion, Pp, of the curve 
may be considered as- coincident with the tangent FT, sa 
that the little triangle, Fsp, will be similar to the triangle 
TM"T. Now, iwitting AM'"=:ar,M'"P=:y,M'"X=:P^=:iV 
and ps = ky we have, in virtue of the general relation^ 

ys^a* or ;p =r log. p 
y •]~ks=.a'+* or ^ -f- ' = 1<^« (Sf "|- ^)> 

the base of the system being a. Since log. (y 4.. k) ^ 

k 
log* y+log" (1 4--)r we have,, by the formula (1), 

log.(y + *) = log.y + M{- — H-)^+J(-^)'-*c.} 
that is, 

^y y y 

therefore 

k y y^ y^ 

The second member of this equation expresses the value 

of the ratio -' when % and k are infinitely small, pr, more 
h 

strictly speaking, it expresses the accurate value of this 
ratio, when i and k vanish, or become each = 0, but then 
the expression within the brackets must at. the same time 

vanish ; hence 

j _M_ M , 

k'^ y ""M'"P' 

but, on account of the similar triangles, T=|riJ??p> therefore 

'^ = -^.-.M'"T = M. 
M'"P M'"P 

SO that the subtangent, as the line M^'T is called, is constantly 
equal to that quantity which Cotes called the modulus of 
the system. 



COMPUTAtrON OF LOGAHltllMS. 63 

Numbers and their logarithms may also be represented 
\}y means of other curves, particularly by the hyperbolic 
»arc, and its asymptotes for the areas included between the 
curve and one asymptote, when they are bounded by 
ordinates parallel to the other asymptote, are analogous 
to the logarithms of their abscissas, or parts of the first 
asymptote, and the modulus of the system represented 
will be expressed by the sine of the angle of inclination of 
the asymptotes,* so that, when the hyperbola is equilateral, 
that is, when the asymptotes are perpendicular to each 
other, the moduluis must be equal to radius, and if this be 
represented by 1, the system will be the Napierian 
system, more frequently called the hyperbolic system, 
although this is a less definite designation, since, as just 
observed, any system may be represented by means of 
the hyperbolic arc and asymptotes. The above property 
of the hyperbola is demonstrated in most books which 
treat of the quadrature of curves. 

(28.) What we have hitherto said about logarithms, 
430th in; this essay, and in our treatise on Algebra, has 
reference entirely to their importance in numerical ope- 
rations. But logarithmic formulas may be advantageously 
employed to abridge many analytical inquiries in diffe- 
rent parts of the mathematics. W€ shall give one 
instance of this in the solution of the following alge- 
braical problem. 

To find the sum of the with powers of the roots of an 
algebraical equation from having the coefficients given. 



"* The trigonometrical sine, which is that to a radius whose numerical 
value is 1 , is not meant here ; the radius in the present case will be 
«qual to the side of the rhombus inscribed between the curve and 
/isymptotes, and having a vertex coinciding with that of the hyperbola. 
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Let the equation be 

and let us represent its n roots by a, b^ c, d, &c, so that 

we shall have 

x*^ -\- Aj?" — 1 4- Bd?*— 2 -f <kc. =ss (j?— a) (jc—b) (*—<?) (>^— €?) <fec. 

1 . . 

or, putting - for x, and then multiplying both members 
z 

by z" , we have 

1 -|_ Aaf + B2« . . . -h V2^=:(l— as) (1— te) (1— <?«) (1— <&) <fec. 

or^ taking the Napierian logarithms of both sides, 

log.' (1 + A« 4- Ba» . . . . -h Vzn) 
=log/ (1 — oz) -f log/ (1— *2) + log/ (l—ca?) -h log/ (1— £fe) + &c. 

Now, since 

tog/ ( 1 — ») =s — (« + i «' + i «» + i »* + 4c.) 

we have, by putting instead of n, az, bz^ cz, dz, &c. 

successively, the equation 

log/(l-|-A«-hB«»...-f V2«)=— (a -1-6 -he -f-^ -f Ac.)* 

— (a« + 6» + c» -h rf« -f Ac.) ~ 

z 

— (a* + 6* + c* -h <?* + &c.)4^ 

4 

Ac. 

or putting, for brevity, 

S| = a -1-6 -f c -hrf -f-Ao. 
S, = aa -I- 6« + c« -f rf» -h Ac. 

53 = a» -f 63 H- c» H- rfs H- <fec. 

54 = a* -h 6« -f c* -h <?♦ + <fec. 
<fec. <fec. 

we have 

log/ (1 + A« + Ba* -f Vzn) = — 2fS,— J 2?»S,— J z»S,— 

i«*S4 — &c (1) 

Now, to develope the first member of this equation, we 
must substitute Az + Bz* + Vz* for n in the formula 
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log.' (1 + «) = n — i n« -h J«« — i tt* 4- Ac. 
and arranging the result according to the powers of z, 



•we get 






i««S,~j2r»S3-.4S, 



-AB, 



<fec. 



— AC 

— iB« 
+ A«B 
-iA* 

hence, equating the coefficients of the like powers of z, 

we get these results : 

S,=— A 

Sj = — 2B + A« 

S, = — 3C-I-3AB — A» 

S4 = --4D + 2 (2AC + B«) — 4A«B + A* 

S, = — 6E + 5 (AD + BC) — 5 (A»C + AB«) + 5A3B — $ A* 

<&c. <fec. 

From these results we may easily pass to the converse 
problem, viz. to find the coefficients from having the sums 
of the powers given. But the solution of this may be very 
elegantly obtained, without employing these results, by the 
aid of the exponential theorem.* Thus the equation (1) 
above, viz. 

is the same as 
log/(l+AirH-Bza+...+V2»)=log/e-^^***^«-i*'^3-i«*S,-&c. 

e being the base of the Napierian system ; hence, passing 
from the logarithms to the numbers, we have 

1 + Ar + B^ H- . . . + Vz» = e-^S,-J*«S,- Jz3S3-:|^S,-&c. 

therefore, substituting — z S, — i z« Sj — i 2» S3 — 
4 z*Sa — &c. for Xy in the development 






afi 



+ 



1'2«3 • l-2-3'4 



4- Ac. 



* See the note at the end. 



g2 
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and arranging the result according to the powers of z, 
we have 



1 + A«H-B«»+ I- V««=l — S;8 — |- 

• S « 
^ 2 



Sj 
3 



&c. 



+ 1.2 

_ V 

1.2-3 

from which, by comparing the coefficients of the like 
powers of z, we get, for the sought coefficients, the expres- 
sions 

A=— S, 

2 "^ 1 .2 



B = 



3 "•" 1 -2 



S» 



1.2.3 



dkc. (fee. 

(29.) The problem which determines the sums of the 
powers of the roots of an equation in terms of the coeffi- 
cients has been employed both by Newton and Lagrange 
for the purpose of approximating to the greatest root of 
the equation. The method proposed by Lagrange is 
generally preferred, although it is, in certain cases, very 
defective. As the defect here adverted to has, we believe, 
never been noticed, we shall perhaps be excused for briefly 
explaining Lagrange's method here, for the purpose of 
pointing out, and of removing, its inaccuracy. 

Suppose a, b, c, &c. to be the roots of an equation and 
that a is the greatest, abstracting from the sign. 

Then, putting 

Sif ' =sa« ,4-6" .'4-c" • 4-«fec. 

Lagrange observes that the greater u is, the nearer 
will a S« _ 1 approach to S» , and therefore 
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will be an approximation to the root a, so much the nearer 
as u is greater. But this is not necessarily the case, 
unless the roots are all positive, for when some of the roots 
are negative, their powers will appear in Sn and S« — i, 
with contrary signs, and, therefore, whichever of the 
numbers u and u — 1 is even, the corresponding sum, S«, 
or S« . 1 may exceed the other in any ratio. If, however, 
we take two consecutive smns in which the exponents are 
even and find the square root of their quotient, the desired 
approximation will be obtained ; thus we shall have nearly 

d 5S5 <^ » • • • • \OJf 

S«— 2 

u being an even number. Let us, for example, suppose 
the roots of an equation to be 3, — 2, and — 2, then 

S,= 9+ 4-h 4 = 17 
8,= 27— 8— 8 = 11 
84= 81-4-16 + 16 = 113 
S, = 243 — 3^ -T- 32 = 179 
Sa = 729 + 64 + 64 = 857 

It is obvious that the formula (2) affords no approxima- 
tion to the root 3 ; the formula (3) gives, when t£ = 4, 



and wheii u ^ 6, 



a = v^2H = 2-69,. 
^ 17 



a = */— =2-75, 
113 



and so on. The method of Newton is free from error, but 

is much less convergent than that above. See the 
Universal Arithmetic, or the Supp, to the Ency. Britt. 
art. Equations. 
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NOTE (pag«4). 

Tbe TBlue of the base a in tbe Napierian system may be determined 
by reverting the series 

a-^fl — l — JCa— !)•+}(«— 1)» — Ac. 
which gives for a the expression {see Alg, p. 253) 

a= i 4- X +■—• + + <fec. 

^ 2^2- 3^2»3 -4 

This, when j^ = 1, furnishes for tbe Napierian base e the valae 

tf=l +1 -f A4-— 1 \ — -h&c. 

^ ~« ^2 •32'3-4 

Tbe same expression may be obtained from the exponential theoretn, 
which is a formula exhibiting the development of a*, according to the 
ascending powers of x. This theorem we shall here establish, first 
showing that the form of the development proposed is possible. In 
order to this, put a* under the form (1 -\- a — 1)«; then, by the bino- 
mial theorem, we have 

{1 + (a --l)}*=l+^(a-l)-hii^^^ («-!)« + 

1 -2 -3 
The right hand member 'of this equation may evidently be arranged in 
the form 

1 + {(a- 1) ~ ^""^^^' 4- ^^~^^' -&c.} A-f Bo^'H- C^4- 

Dj?* + &c. 
which is according to tbe ascending powers of .r. Assume, then, 

a*= 1 + Ar + Bar* -f CiP« -h D.r* -h &c (1) 

.-.ay = 1 -f Ay + Bya + Cy* + Dy* + &c. 
.-. a' — ay:s:iA (x—y) + B (a?«— y») -f C (a^— ys) +D (**--y*) 

+ &c (2), 

also 

a«- y = 1 -HA (a^-y) H-B (J^-y)« H-C (a--y)» -f D (*— y)* -f &c. 
or, transposing the 1, and multiplying each member by aV, 
ax^(a=zay {A (x—y) + B («•— y)» + C C* -y)»H- D (*-y)* 

+ &C.} .... (3). 
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Hence the second members of the equations (2) and (3) are equal, 
therefore, dividing each by d? — y, and then sapposing in the quotients 
j7::=y, we have, since 

ay = a« = l 4- Ar -h Bj;-* H- <fec. 
this equation, viz. 

A -I- 2B« -f- 3C«» + 4D.r»-|-<fec. = A (1 + Ar + B^a + C^-f &c.) 
therefore, comparing the coefiBcients of the lilce powers of a?, we have 

B = ^, C = -:^, D= ^' ,<fec. 
2 2-3 2-3-4 

Hence from (!) 

a*=l + A.. + -2- + ^73 + i:ir4"*"^'' 
in which 

A = « — l— J(o--l)«-f J(a~l)»--&c. 
When A = 1, the base becomes the Napierian, and then 

^ ^2^2'8 2'3'4 
and for ivssl, 

tf = 1 + 1 + i + -i- 4- -4—7 + «fec. = 2 • 718281 82846. 
^ ^2^2»3^2*3'4 



THE END, 
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